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We review general relativistic and Brans-Dicke cosmological models of the early 
universe and for the present phase. Both theories render similar results, in general, 
as far as Mach's principle is concerned. There is some difference in the stability 
problem for the inflationary phase, and we point out how to test one theory 
against the other experimentally. 

1. I N T R O D U C T I O N  

We shall review cosmological  solutions in general relativistic (GR)  and 
Brans -Dicke  (BD) theories,  compar ing  results and suggesting experimental  
tests for deciding between them. Let us begin with Mach ' s  principle. 

T h o u g h  Brans and Dicke (1961) devised their alternative theory  in 
order  that  it give Mach ian  solutions, I shall show below that  as far as 
cosmology  is concerned,  bo th  general relativistic and BD models  yield 
Mach ian  solutions. It is wor th  noticing that  Brans and Dicke, in their 
original paper ,  only proved  the Machian  proper ty  for a very part icular  
cosmological  solution. What  is meant  by a cosmological  solution obeying 
Mach ' s  pr inciple? 

The Whi t row-Randa l l s  relation (Whitrow, 1946; Whitrow and Randall ,  
1951; Berman and Sore, to appear) ,  at tr ibuted by Brans and Dicke to 
Sciama, is given by 

G M H  ~ 1 (1) 
RH 
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where G is the Newtonian gravitational "constant,"  and MH stands for the 
observable mass at the Hubble length RH. 

For a Euclidean universe, 

MH 
JI9 = 4 3 ( 2 )  

5~'RH 

where p stands for rest energy density; on the other hand, the Hubble length 
is defined by 

RH = H -1 (3) 

where H is Hubble's parameter. 
From (1)-(3) we obtain 

O p  ~ H 2 (4) 

This will be taken as the condition for a Machian cosmological solution. 

2. THE PHASES OF THE UNIVERSE 

Gr0n (1986) has remarked that it is current belief that the universe had 
the following early phases: 

R1 oc t  1/2, p = p / 3  (5) 

R2oc e m (inflation) P = - P  (6) 

R 3 o c t  1/2 p = p / 3  (7) 

On the other hand, according to Schwarzschild (1987), the present phase 
of  the universe is 

R4oc t 2/3, p = 0 ( 8 )  

Berman and Gomide (1988) remarked that the above four phases are 
particular cases of the constant deceleration parameter type. Indeed, if we 
call the deceleration parameter q, and suppose it to be constant, we have, 
on integration, that 

R ( t )  = ( m D t )  tim with m ~ 0 (9) 

and 

where 

R ( t )  = Roe n' with m = 0 (10) 

and D, Ro are constants. 

r e = q + 1  (11) 
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In  the m ~ 0 case, we also have 

H =  l / m t  (12) 

It is evident that  m = 0 stands for inflation, while m = 2 and m = 3/2  stand, 
respectively, for  the first (and third) and the four th  phases. 

The quest ion to be posed  is whether  we can find solutions with m = 0 
and m ~ 0 that  obey relation (4) and are thus Machian.  We shall see that  
this is the case both  within general relativity and for the BD case. 

3. S O L U T I O N S  W I T H  G E N E R A L  RELATIVITY 

It is well known (Berman,  1983) that in G R  we have a k = 0 solution 
for  m ~ 0 as follows: 

3 
p = 8r  t -2 (13) 

2m - 3  
p = - -  p (perfect  gas law) (14) 

3 

where p stands for  pressure. 
Taking into account  relation (12), we find that this solution is Machian ,  

i.e., obeys relation (4). 
On  the other  hand,  for  m = 0, we have, in general relativity, 

3 H  2 
P = 8~rG (15) 

p : - p  (16) 

and so this also is a Mach ian  solution. We find, thus, that  all phases in G R  
have Mach ian  solutions. 

4. S O L U T I O N S  W I T H  B R A N S - D I C K E  T H E O R Y  

Let us first consider  the m = 0  case. Berman and Som (1989) showed 
that,  in BD theory,  inflation is ruled by the fol lowing laws: 

P = Poe -3t4r176 (17) 

th = ~bo e -3H~1+=)' (18) 

where Po, ~o, and H are constants,  ch being the scalar field, related to G by 

G = a - ' &  -1 (19) 

a -  1 2 w + 4  
2 w + 3  (20) 
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where w is the coupling constant and a is the constant of the equation of 
state 

p = cep (21) 

From (17)-(20) we see that 

Gp = const (22) 

Of course, we can arrange the constants ~bo and C so as to have 

G p ~ H  2 

because H 2 is also a constant. Now let us consider the m ~ 0 cases. It was 
shown by Berman and Som (to appear) that we can have a solution of  the 
constant deceleration type with m # 0 and 

p = Ct -1 

p =  ( m / 3 - 1 ) p  

4~ = A t  

where C and A are constants to be determined and m ~ 4. 

(23) 

(24) 

(25) 

This solution, which solves for the power law relations in R, is evidently 
also Machian, after some arrangements in the arbitrary constants is made, 
because we have 

a C m 2 H  2 
~ r p  - - -  

A 

So we also have in BD theory Machian solutions, as expected, if 

aCre 2 

A 

5. DENSITY PERTURBATIONS 

From the above result, it is evident that both GR and the BD theory 
yield Machian cosmological solutions. What this tells us is that Mach's 
principle alone cannot be invoked in favor of  the BD theory. Indeed, Brans 
and Dicke did not devise their framework as a new theory of gravitation, 
but more likely as a foil for testing GR (Adler et al., 1975, Preface; 
M. Bazin, personal communication). 

There is, however, one important difference between GR and BD 
solutions: while the m r  solutions are unstable (Berman, to appear; 
Berman, submitted), though not exponentially, in both theoretical 
frameworks, the m = 0 solution for GR is stable (Barrow, 1983), while for 
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the BD case it is exponentially unstable, as was shown by Berman (1989) 
recently. Though in standard classical cosmology there is no acceptable 
theory for explaining the phase transitions, it is my opinion that growing 
instabilities might be associated with phase transitions, so that the BD 
theory has this kind of  superiority over GR, not to mention the possibility 
of  explaining galaxy formation and the present isotropy of the universe by 
the exponentially increasing instabilities of  the m = 0 phase in the BD theory. 

6. TESTING THE B R A N S - D I C K E  S O L U T I O N  

It must be observed that for the m ~ 0 phases, we have a perfect gas 
equation of state solution in both theories, with real values for the speed 
of  sound, while for the m = 0 (inflation) case, only in the BD case do we 
have such a law, while in G R  we find an annoying negative pressure. The 
time variation laws for p and p are also very different between the theories. 

For the present universe, we suppose usually that p = 0. This leads to 
relation (8) in G R  with m = 3/2, while in the BD case we would need m = 3, 
so that 

R oct 1Is (26) 

The age of  the universe, with H o  1 ~ 1.8 X 101~ years, would be 

tCR----- 1.2 • 101~ years 

tBn - 6 x 109 years 

On the other hand, we would have 

- - -~  - t o  I = - 3 H o  1 (27) 
G 

due to (25). 
Will (1987) has surveyed the experimental tests for G / G ,  and relation 

(27) seems to be coherent with some of the tests. For 

o- = - -  x (2 x 101~ years) 
G 

he lists tr = - (2 .5  + 0.7) according to Newton, from linear occultations and 
eclipses; and tr < 8 according to Shapiro et al., from planetary and spacecraft  
radar. Other results, however, give smaller values for cr than those we 
mention here. The most prudent  attitude, it seems, is to wait for more 
experimental  data. 

A second test, in principle, could be a measure of tJ/p, and then we 
would be able to decide between relations (13) and (23). For the radiation 



576 Berman 

phase ,  p = p / 3 ,  we have a p r o b l e m ,  because  m = 4 is ru led  out  f rom our  
so lu t ion  above  for  the  BD case. 

A conven ien t  so lu t ion  can be ach ieved  by  

m = l  

dp = A t  -2 

p : C 1 - 4  

where  A, C are  constants .  I t  can be easi ly  checked  tha t  this is i ndeed  a 
so lu t ion  o f  the  B r a n s - D i c k e  equa t ions  for  the  r ad i a t i on  phase  with cons tan t  
dece l e r a t i on  p a r a m e t e r  in a R o b e r t s o n - W a l k e r  met r ic  with a perfect  f luid 
and  a flat universe .  However ,  we need  a negat ive  va lue  for  the coup l ing  
cons tan t  o f  the  theory ,  w. The  advan tages  o f  this  so lu t ion  is that  the  hor izon  
p r o b l e m  in the  very ear ly  universe  is solved (/~1 = const) .  On the o the r  hand ,  
i f  we take  for  g ran ted  a B r a n s - D i c k e  m o d e l  for  the  p resen t  universe ,  there  
is no  need  for  exp la in ing  any  "cr i t ica l  dens i t y "  as in GR.  

7. C O N C L U S I O N S  

We are  not  ab le  at p resen t  to choose  one or  the  o ther  theory  as far  as 
cosmology  is conce rned .  More  exper iments  shou ld  be done ,  as we suggest  

above.  
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